Analytical expressions describing the variability of effective constitutive parameters of non-metallic metamaterials, as a function of the constituent geometric and material parameters and their variations, have been developed from the total differential of Clausius-Mossotti expressions (using Mie dipole polarizabilities) for the effective (bulk) constitutive parameters of the metamaterial. In practice, these expressions are important for estimating the performance of a metamaterial with particular variations in the parameters of its constituents that arise during the fabrication process, and can be used to guard against extinction of desired double negative (DNG) behavior. With the derived expressions, the effects of parameter variations on effective constitutive parameters of non-metallic metamaterials have been analyzed for three types of metamaterials: (i) cubic arrays of identical magnetodielectric spheres; (ii) cubic arrays of dielectric spheres with equal radius but two different permittivities; and (iii) cubic arrays of dielectric spheres with equal permittivity but two different radii. These effects are evaluated in terms of the calculated variations in values of the effective constitutive parameters of the metamaterial in the vicinity of the DNG or single negative (SNG) band for particular geometric and material parameters and their variations. Results show that variation in the following parameters impacts DNG bandwidth. Listed in order from greatest to least influence: (i) sphere radius; (ii) sphere permittivity and permeability; (iii) lattice constant of the array; and (iv) the constitutive parameters of the array medium, all impact the width of the achievable DNG band. For particular cases studied here, results also show that the DNG behavior may be extinguished if there are 0.78%, 0.016%, and 0.016% variations in all parameters of metamaterial types (i), (ii), and (iii), respectively, as defined above. For the design of non-metallic metamaterials with inclusions, having arbitrary material parameters, in either periodic or random arrangement, the presented results can give a qualitative guide on the level of fabrication tolerances that should be achieved in order to observe the predicted SNG or DNG behavior experimentally. Analytical expressions describing the variability of effective constitutive parameters of nonmetallic metamaterials, as a function of the constituent geometric and material parameters and their variations, have been developed from the total differential of Clausius-Mossotti expressions (using Mie dipole polarizabilities) for the effective (bulk) constitutive parameters of the metamaterial. In practice, these expressions are important for estimating the performance of a metamaterial with particular variations in the parameters of its constituents that arise during the fabrication process, and can be used to guard against extinction of desired double negative (DNG) behavior. With the derived expressions, the effects of parameter variations on effective constitutive parameters of nonmetallic metamaterials have been analyzed for three types of metamaterials: (i) cubic arrays of identical magnetodielectric spheres; (ii) cubic arrays of dielectric spheres with equal radius but two different permittivities; and (iii) cubic arrays of dielectric spheres with equal permittivity but two different radii. These effects are evaluated in terms of the calculated variations in values of the effective constitutive parameters of the metamaterial in the vicinity of the DNG or single negative (SNG) band for particular geometric and material parameters and their variations. Results show that variation in the following parameters impacts DNG bandwidth. Listed in order from greatest to least influence: (i) sphere radius; (ii) sphere permittivity and permeability; (iii) lattice constant of the array; and (iv) the constitutive parameters of the array medium, all impact the width of the achievable DNG band. For particular cases studied here, results also show that the DNG behavior may be extinguished if there are 0.78%, 0.016%, and 0.016% variations in all parameters of metamaterial types (i), (ii), and (iii), respectively, as defined above. For the design of non-metallic metamaterials with inclusions, having arbitrary material parameters, in either periodic or random arrangement, the presented results can give a qualitative guide on the level of fabrication tolerances that should be achieved in order to observe the predicted SNG or DNG behavior experimentally.
I. INTRODUCTION
Metamaterials are artificial composite materials, consisting of sub-wavelength building blocks, which can show anomalous and exotic electromagnetic responses. 1, 2 When the lattice constant is much smaller than the operating wavelength, the composite can be treated macroscopically as a homogeneous medium with effective relative permittivity and permeability, eff r and l eff r . As the first metamaterials implemented experimentally, metal-based metamaterials have achieved rapid development from microwave to visible frequencies in the last decade. 1, 2 To avoid the drawbacks of metal-based metamaterials, such as conduction loss and anisotropy, composites consisting of non-metallic scatterers embedded in a low permittivity matrix have been proposed to achieve metamaterials. [3] [4] [5] [6] This scheme usually achieves negative effective permittivity at the resonance(s) of the Mie electric dipole scattering coefficient, negative effective permeability at the resonance(s) of the Mie magnetic dipole scattering coefficient, and double negative (DNG) behavior by overlapping resonances of Mie electric and magnetic dipole scattering coefficients. 5, [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] In theory, metamaterials are designed with geometric and electric parameters of the building blocks identical to ideal values. In practice, however, these parameters exhibit variations due to non-ideal, achievable fabrication tolerances, which may extinguish DNG behavior. The purpose of this paper is to present an analytical approach to assessing the effects of those parameter variations on DNG behavior of non-metallic metamaterials.
For metal-based metamaterials, the effect of variation in spacing between the electric ring resonator and the cut wire on the absorbance of an absorbing metamaterial was analyzed using a statistics-based method in Ref. 19 . The effects of variations of the geometrical parameters and changes in the background on the invisibility properties of the metamaterial cloak were investigated in Ref. 20 . The resonant behaviors of metamaterials with elements disordered from their initially periodic arrangement were studied in Refs. 21 and 22. As for non-metallic metamaterials, the influence of size and permittivity distributions of spherical particles on the DNG characteristics of metamaterial was analyzed in Refs. 23 variations on the reflection and transmission properties of a metafilm were investigated in Ref. 25 . None of these works, however, give explicit analytical expressions for the variability of effective constitutive parameters of the metamaterial as a function of the constituent geometric and material parameters and their variations.
This paper develops the Clausius-Mossotti relations (using Mie dipole polarizabilities) for effective constitutive parameters of two types of non-metallic metamaterials: a cubic array of identical magnetodielectric spheres and a cubic array of two different magnetodielectric spheres. Explicit analytical expressions for the variability of effective constitutive parameters as a function of the geometric and material parameters of the spheres, the matrix and their variations are developed from the total differential of the Clausius-Mossotti relations. According to these expressions, the effects of parameter variations on the effective constitutive parameters are analyzed for three types of non-metallic metamaterials: (i) cubic arrays of identical magnetodielectric spheres; (ii) cubic arrays of dielectric spheres with equal radius but two different permittivities; and (iii) cubic arrays of dielectric spheres with equal permittivity but two different radii. Here, the term "magnetodielectric" refers to spheres with relative permittivity and permeability both greater than one, or purely dielectric/magnetic spheres. 13, 26 (Reference 13 contains a considerable number of mostly typographical mistakes which have been corrected in Ref. 27 .)
The paper is arranged as follows. Sec. II gives the expressions for variability of effective constitutive parameters of nonmetallic metamaterials. The presented expressions are tested in Sec. III for particular cases. Comparisons of the effects of different parameters and of different combinations of parameter variations are presented in Sec. IV. The Appendix gives the analytical expressions for the derivatives of Mie dipole scattering coefficients with respect to different parameters.
II. THEORY A. Cubic arrays of identical magnetodielectric spheres
Magnetodielectric spheres with relative permittivity r1 , relative permeability l r1 , and radius a are arranged on a cubic lattice with lattice constant d, Fig. 1 . The matrix medium has relative permittivity r3 and relative permeability l r3 (the subscript "3" is chosen so that "2" is reserved for a second type of sphere mentioned later, see Fig. 2 
where r3 is the relative permittivity of the matrix medium, n is the number density of the dipoles, a is the polarisability of each inclusion (sphere), and 0 is the vacuum permittivity. Multiply E 0 , which is the local, uniform, electric field exciting a single sphere, on both sides of Eq. (1). Then, replacing the vector quantities by their corresponding scalar ones gives eff r À r3 eff r þ 2 r3
where p is the moment of each electric dipole. Solving Eq. 
with
where j ¼ 1, 2 depending on the number of types of magnetodielectric spheres composing the array. Equation (4) can be expressed as 
where m ¼ k 0 a; r1 ; l r1 ; r3 ; l r3 , and k 0 d. Similarly, the expression for Dl eff r can be obtained. Since the derivative may have a negative sign after simple computation, the absolute value of each component variability, jð@ eff r =@mÞDmj, is used to describe the worst-case scenario. Note that the definition of the total differential requires that all of the dependent parameters are independent. This requirement is met in many cases, for the following reasons: (i) k 0 a and k 0 d are the geometric parameters so that they have no correlation with the other four material parameters; (ii) due to the fact that spheres and matrix are fabricated independently, k 0 a and k 0 d are independent of one another, and r1 and l r1 are independent from r3 and l r3 ; (iii) since there is no functional relation between r1 ð r3 Þ and l r1 ðl r3 Þ, their variations are basically due to some random effects, such as a small change in temperature, in the synthesis process. So, r1 ð r3 Þ and l r1 ðl r3 Þ have no correlation with each other. The six parameters are not completely independent, however, especially when approaching large values. For example, the effect of variation in k 0 a increases as ð r1 l r1 Þ=ð r3 l r3 Þ increases, especially when a/d is large. For this reason, the following analysis is more accurate under circumstances of lower contrast in material properties and lower particle volume fraction. Also note that, according to the definition of the total differential, it is not required that jDðk 0 aÞj; jD r1 j; jDl r1 j; jD r3 j; jDl r3 j, and jDðk 0 dÞj be small.
In Eq. (6), the derivatives of eff r with respect to different parameters are calculated as follows. For m ¼ k 0 a; r1 ; l r1 ; l r3 , and k 0 d,
for m ¼ k 0 a; r1 , and l r1 ; further
And
To compute Dl eff r , the derivatives of l eff r with respect to different parameters are calculated as follows. For m ¼ k 0 a; r1 ; l r1 ; r3 , and k 0 d,
In Eqs. (7)- (18), the derivatives of Mie dipole scattering coefficients, a 
B. Cubic arrays of two different magnetodielectric spheres
Two different magnetodielectric spheres are arranged on a cubic lattice with lattice constant 2d and matrix medium having relative permittivity r3 , and relative permeability l r3 , Fig. 2 . One set of spheres with radius a 1 , and relative permittivity r1 , and relative permeability l r1 will be referred to as the "1-spheres," and the other set of spheres with radius a 2 , relative permittivity r2 , and relative permeability l r2 will be referred to as the "2-spheres." Note that the arrangement of the two-sphere array shown in Fig. 2 is one of the seven different arrangements analyzed in Refs. 26 and 30. The Clausius-Mossotti formula gives identical result for different arrangements because it accounts for the number of the electric dipoles of the 1-spheres and 2-spheres per unit cell volume, but not for their relative arrangement. Hence, different arrangements of two-sphere arrays are not taken into account here.
Similar to the case of the cubic arrays of identical magnetodielectric spheres treated in Sec. II A, the two-sphere array can also be treated macroscopically as a homogeneous medium with effective relative permittivity eff r and effective relative permeability l eff r when the lattice constant is much smaller than the operating wavelength, k 0 d; bd 0:5.
13,26
The expression for eff r in the case of the two-sphere arrays is given by Eq. (3) with j ¼ 2 and
where b The variability of eff r and l eff r is a function of the following parameters and their variations: k 0 a 1 ; k 0 a 2 ; r1 ; l r1 ; r2 ; l r2 ; r3 ; l r3 , and k 0 d. Here, only these nine parameters are taken into account to simplify the analysis. Similar to the case of the arrays of identical spheres, these parameters are independent in many cases. Due to the increased complexity of the system, the expression for D eff r in the case of the twosphere arrays, obtained by total differential of the ClausiusMossotti relations as described above, contains more terms than in the case of arrays of identical spheres. Referring to Eq. (6), now m ¼ k 0 a 1 ; k 0 a 2 ; r1 ; l r1 ; r2 ; l r2 ; r3 ; l r3 , and k 0 d. The expression for Dl eff r in the case of the two-sphere arrays can be obtained in a similar way.
The derivatives of eff r with respect to different parameters are computed as follows. For m ¼ k 0 a 1 ; k 0 a 2 ; r1 ; l r1 ; r2 ; l r2 ; l r3 , and k 0 d; @ eff r =@m can be obtained by Eq. (7) 
@ eff r =@ r3 can be expressed as Eq. (11) with
The derivatives of l eff r with respect to different parameters are calculated as follows. For m ¼ k 0 a 1 ; k 0 a 2 ; r1 ; l r1 ; r2 ; l r2 ; r3 , and k 0 d; @l eff r =@m can be obtained by Eq. (13) with
for m ¼ k 0 a 1 ; r1 , and l r1 ;
for m ¼ k 0 a 2 ; r2 , and l r2 ; further
@l eff r =@l r3 can be expressed as Eq. (17) with
The derivatives of Mie dipole scattering coefficients a 
III. VERIFICATION
In this section and Sec. IV, magnetodielectric spheres in all the cases considered are lossless. In general, the effective constitutive parameters of a composite may be complex even if the constituents are lossless. [31] [32] [33] [34] For the cases under study, non-metallic metamaterials consisting of cubic arrays of lossless magnetodielectric spheres, the effective constitutive parameters are real away from the resonance regions, and are complex in the resonance regions corresponding to bandgaps in the dispersion diagram. 3, 11, 13 However, the focus of this work is on the lossless traveling waves (with real wavenumber b) that can be supported by the array. Hence, in all the cases under study, only the real parts of the effective constitutive parameters calculated by the ClausiusMossotti expressions are considered. In the region of homog-
11 Further, only the real part of each partial derivative of an effective constitutive parameter with respect to a parameter in Eq. (6) is considered so as to give a real variability of effective constitutive parameters, eventually.
A. Clausius-Mossotti formulas
First, the Clausius-Mossotti expressions for the effective constitutive parameters of non-metallic metamaterials consisting of an array of identical spheres, Eqs. (3) and (5), and an array of two types of spheres, Eqs. (3) and (19) , are tested by comparing the dispersion diagrams obtained by the following relation:
with those calculated by MIT photonic-bands (MPB). 35 MPB computes fully vectorial eigenmodes of Maxwell's equations with periodic boundary conditions by preconditioned conjugate-gradient minimization of the block Rayleigh quotient in a plane-wave basis. 35 Since MPB can only treat dielectric periodic structures, arrays considered in this section are all of dielectric spheres. Fig. 3 shows the dispersion diagram for an array of identical dielectric spheres whose parameters are chosen to match those of the larger sphere considered in a design example given in Refs. 23 and 36. The parameter values are provided in the figure caption. This array does not support backward wave propagation but, nonetheless, it can be used to test the effectiveness of the presented Clausius-Mossotti formula. The two-sphere array of Fig. 4 is a design Figs. 3 and 4 , good agreement is achieved between the calculations of MPB and the formulae presented herein, for these cases. Note that the MPB result for the two-sphere array, Fig. 4 , is shown only in the range 0 < bd < p=2, instead of 0 < bd < p, because, in MPB, the lattice constant of this two-sphere array is set to be twice the separation of adjacent spheres, i.e., d 0 ¼ 2d, to guarantee the translational symmetry in the x, y, and z directions. This means that the size of the corresponding reciprocal lattice in the Brillouin zone is halved. 37 
B. Expressions for the variabilities of effective constitutive parameters
Next, the variabilities of effective constitutive parameters of non-metallic metamaterials consisting of an array of identical spheres and of a two-sphere array, Eq. (6), are tested. In this section, the non-metallic metamaterials are designed following the design procedure in Ref. (19) , and (30), with that calculated by MPB. 35 The 60 lowest bands computed by MPB are shown. In this calculation, r1 
IV. RESULTS
In this section, the effects of parameter variations on the effective constitutive parameters are analyzed for three types of non-metallic metamaterials: (i) a cubic array of identical magnetodielectric spheres; (ii) a cubic array of two types of dielectric spheres with equal radius but different permittivities; and (iii) a similar array of two types of dielectric spheres with equal permittivity but different radii. For each of these, the effect of variation in individual parameters is first compared. Then, the effects of different combinations of parameter variations are analyzed. The two metamaterials studied in Sec. III B are used as the reference cases in Secs. IV A and IV B, respectively.
A. Cubic arrays of identical magnetodielectric spheres
Utilizing Eq. (6), D eff r is calculated as one of k 0 a; r1 ; l r1 ; r3 ; l r3 , and k 0 d varies by 5% from its nominal value, Table I . As shown in Fig. 7 , variation of k 0 a has the most significant effect on D In practical fabrication, it is expected that a metamaterial consisting of an array of identical spheres would exhibit a combination of variations in its parameters, due to achievable fabrication tolerances. To analyze the effects of different combinations of parameter variations on effective constitutive parameters of the metamaterial in the vicinity of the DNG band, the following parameter variations are studied, Dm=m ¼ 0:78%, 3%, and 5% (m ¼ k 0 a; r1 ; l r1 ; r3 ; l r3 , and k 0 d), where variation of the six parameters is assumed to 
r2 ; l r2 ; r3 ; l r3 , and k 0 d. 
is obtained for each of these combinations, giving the shaded areas in Fig. 8 . Similarly, the variation range of l eff r can be obtained. It can be seen that the variation ranges increase as the parameter variations increase. According to these results, it is seen that the DNG behavior may be extinguished when Dm=m ! 0:78% (m ¼ k 0 a; r1 ; l r1 ; r3 ; l r3 , and k 0 d).
B. Cubic arrays of dielectric spheres with equal radius but two different permittivities
In this section, a similar analysis to that described in Sec. IV A is performed for an array of two types of dielectric spheres, with equal radius but different permittivities, arranged on the nodes of a simple-cubic lattice, Fig. 2 . As before, the variability of effective constitutive parameters of the non-metallic metamaterial is computed by Eq. (6). In each computation, one of k 0 a 1 ; r1 ; l r1 ; k 0 a 2 ; r2 ; l r2 ; r3 ; l r3 , and k 0 d is set to be 5% different from the nominal value while other parameters have no variation, Table II TABLE II. The parameter with 5% variation (while others have no variation) in each calculation of variabilities of effective constitutive parameters of a non-metallic metamaterial consisting of a two-sphere array, Fig. 2 .
Variabilities of effective relative permittivity (a), and permeability (b), in the vicinity of the DNG band (k 0 d ¼ 0:4) of a non-metallic metamaterial consisting of a cubic array of dielectric spheres with equal radius but two different permittivities, Fig. 2 , in each calculation, Table II . Parameters of this array are as in Fig. 6 .
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k 0 a 1 has the most significant effect on D 2%, 3% , and 5%) with m ¼ k 0 a 1 ; r1 ; l r1 ; k 0 a 2 ; r2 ; l r2 ; r3 ; l r3 , and k 0 d, are taken into account. In each case, variations of the nine parameters are assumed equal to each other. For each of these combinations, the variation range of eff r , Eq. (31), is obtained, giving the shaded areas in Fig. 10 . Similarly, the variation range of l eff r can be obtained. It can be seen that the variation ranges increase as the parameter variations increase. The negative eff r ðl eff r Þ may be extinguished when Dm=m ! 0:016% (1.2%) with m ¼ k 0 a 1 ; r1 ; l r1 ; k 0 a 2 ; r2 ; l r2 ; r3 ; l r3 , and k 0 d. Consequently, the DNG behavior may be extinguished when Dm=m ! 0:016%. Note that the negative eff r of this metamaterial is much more sensitive to parameter variations than negative l eff r . The reason for this is that the first resonance of the Mie electric dipole scattering coefficient of the set of 1-spheres for which, in this calculation, r1 ¼ 621:1 and which provides the negative eff r , is narrower than the first resonance of the Mie magnetic dipole scattering coefficient of the set of 2-spheres ( r2 ¼ 302:7), which provides the negative l eff r .
C. Cubic arrays of dielectric spheres with equal permittivity but two different radii
Following the design procedure presented in Ref. 38 , a non-metallic metamaterial consisting of a cubic array of two types of dielectric spheres with equal permittivity but different radii is designed with parameters r1 ¼ r2 ¼ 621:1; Similar to the analysis in the first paragraph of Sec. IV B, the effects of different parameters are compared for this metamaterial. As shown in Fig. 11(a r2 ; l r2 ; r3 ; l r3 , and k 0 d. Hence, the DNG behavior may be extinguished when Dm=m ! 0:016%. Note that the negative eff r of this metamaterial is more sensitive to parameter variations than negative l eff r . The reason is that the first resonance of Mie electric dipole scattering coefficient, which corresponds to 1-spheres (a 1 =d ¼ 0:45) and provides negative eff r , is narrower than the first resonance of Mie magnetic dipole scattering coefficient, which corresponds to 2-spheres (a 2 =d ¼ 0:31) and provides negative l eff r .
V. CONCLUSION
Considering constitutive parameters of the array medium, the Clausius-Mossotti relations (using Mie dipole polarizabilities) have been developed for calculating the effective (bulk) constitutive parameters of two types of nonmetallic metamaterials: a cubic array of identical magnetodielectric spheres and a cubic array of two different dielectric spheres. These relations have been tested by comparing their dispersion diagrams with those calculated by MPB. Analytical expressions describing the variability of effective constitutive parameters of non-metallic metamaterials, as a function of the constituent geometric and material parameters and their variations, have been developed from the total differential of the derived Clausius-Mossotti relations. These expressions have been verified by comparing their results with those calculated by analytical expressions developed by Mathematica. In practical fabrication, the presented analysis is important for predicting the performance of a metamaterial with particular variations in the parameters of its constituents, which arise due to achievable tolerance in the fabrication process, and can be used to guard against extinction of desired DNG behavior. Based on this theory, the effects of different parameters and of different combinations of parameter variations on effective constitutive parameters have been analyzed for three types of metamaterials: (i) cubic arrays of identical magnetodielectric spheres; (ii) cubic arrays of dielectric spheres with equal radius but two different permittivities; and (iii) cubic arrays of dielectric spheres with equal permittivity but two different radii. These effects are evaluated in terms of the computed variations in values of the effective constitutive parameters of the metamaterial in the vicinity of the DNG or single negative (SNG) band for particular geometric and material parameters and their variations. Results show that variation in the following parameters impacts DNG bandwidth. In order from most to least: (i) sphere radius; (ii) sphere permittivity and permeability; (iii) lattice constant of the array, and (iv) the constitutive parameters of the array medium, all impact the width of the achievable DNG band. For particular cases studied here, results also show that the DNG behavior may be extinguished if there are 0.78%, 0.016%, and 0.016% variations in all parameters of metamaterial types (i), (ii), and (iii), respectively, as defined above. For the design of non-metallic metamaterials with inclusions, having arbitrary material parameters, in either periodic or random arrangement, the presented results can give a qualitative guide on the level of fabrication tolerances that should be achieved in order to observe SNG or DNG behavior experimentally. The extinction of DNG ; dark, medium, and light shaded areas: variation ranges for Dm=m ¼ 0:016%, 0.03%, and 0.1% (a), 0.4%, 1%, and 5% (b) with m ¼ k 0 a 1 ; r1 ; l r1 ; k 0 a 2 ; r2 ; l r2 ; r3 ; l r3 , and k 0 d. Other parameters are as in Fig. 11 .
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behavior at variances above an extremely tight fabrication tolerance (0.016%) in all the geometric and material parameters of the particular cases considered here suggests that fabrication of metamaterial types (ii) and (iii) may not be realizable in practice. 
